MAGO®HMATIKA II
EITA.A. (OMAAA B’)
2011
EK®ONHIEIY

OEMA A

Al.

‘Eoto pio cvvdptmon f opiopévn e éva dtdotnpa 4 Kat Xo £vo EcOTEPIKO GNLEI0 TOV
4. Av 1 f mopovctdlel TomiKd aKpOTATO GTO Xo Kol €ivol mapaymyioyn oto onpeio
avtd, va amoodeifete Ot f ' (xo) = 0

Movaoec 10

A2.  Aivetal cuvéptnon f opiopévn oto R. T1ote 1 evbeia y = A x + B Aéyetatl acOumTO
™G YPOPIKNC TopdoToong TG f oto +o;
Movaoseg S
A3.  No yopoxtnpioete tig mpotaoeis mov axoiov0ody, ypepovios oto TeTptold cog dimia
oto ypouue. Tov ovtiotolxel oe kals mpotoon T AEcn Lweto, av n mpotoon eival
owoth, N Adbog, av n Tpotoon eivor AovOaouévy.
a) o k60e pyaded apdpod z # 0 opilovpe 2 = 1.
B) Muw cuvaptnon f: A — R Aéyetar cuvaptnon 1-1, 6tav yio omowadnmote
X1, X2 € A 10YVEL T GUVETAY®YN: AV X1 # X2, TOTE f(X1) £/ (X2).
1
Y) o kabe x € Ry =R — {x|ovovx = 0} 1oydet: (e@x) = ————.
oLV X
0) Ioyver 01t lim mx 1.
x>+t X
g) Ot ypagég mopactioelc C kat C ° tov cvvapthoeav f kat f ' eivat
CUUUETPIKEG G TTPOG TNV eLBeia Y = X oV dtyotopel T1g yovieg xOy ko x Oy,
Movaoec 10
®EMA B

‘Eotm ot puyadikol apBpol z kar w pe z # 37, 01 01010t IKaVOTo100V TIC GYECELS:

B1.

B2.

B3.

B4.

|z—3i|+|E+3i|:2 Kouw=z-3i+ ;
z-3i

Na Bpeite 1oV YempETPIKO TOTO TOV EIKOVOV TOV ULy OOIKOV aplOUQV Z.

Movaoseg 7

Noa omoodeifete 611 Z 4+ 3i = -,
z-3i

Movaosg 4
Na amodeifete 611 0 W givon Tpoy paTIKOG apBpHog Ko 0Tt —2 <w < 2.

Movaosg 8
Na amodeifete Ot |z —w| = |z|

Movaosg 6
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OEMAT

Atvetar m ovvépton f: R — R, Vo @opéc mapaywyioyn oto R, pe f'(0) =£(0) =0, n omoia
KOVOTOIEL TN GYEON:

S+ x)- D=1 x)+xf"(x)

Yo K& x € R.
I't. Noa omodeiete 011 f(x) =In(e" —x), x € R.
Movaosg 8

I'2.  No pelemoete ) cuvaptnon f ®G TPOG TN LOVOTOVia Kol TO, aKpOTOTA.
Movaoseg 3

I'3.  No anodeiéete 0T1M Ypopikn Tapdotaon TG f Exel akpiPdg SVO onpeio KOUTNG.
Movaoseg 7

I'4. Na anodeifete 0t1 1 e&icwon In(e” — x) = cuvx &xel akpiPmg pio Aon oto didotnuo

Movaoseg 7
OEMA A

Atvovtan o1 cvveyeig ocuvaptnoels £, g : R — R, ot onoiec yio kdBe x € R kavomotovv tig
OYECENG:

i) f(x)>0 xar g(x)>0

. 1-f(x) ¢ e
) e !g(x +1) df
l-g(x) ¢ e
iii) e ! 61D dt

Al.  No arodeiéete 0T1 01 GLVOPTHOELS f Kal g elvan Tapaywyiceg oto R kot ot

f(x)=g(x) vy kdbe x € R.

Movaoseg 9
A2. No omodeiete o1l f(x)=¢", x € R.
Movaosg 4
A3 Na vtohoyicete To 0p10: lim Inf ix) :
()
x
Movaoseg S

A4.  No vroroyicete T0 gpPaddv Tov Ywpiov Tov TEPIKAEIETAL QO TN YPAPIKY TOPACTOCT
G GLVAPTNONG

F(x)= j F(*)de

Toug dEovec x'x kot )y Kat v gubeia pe e&icmon x = 1.
Movaoseg 7
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OEMA A
Al.  Oczopia (Beopnuo Fermat) oyorxo Bipiio, cek. 260-261.
A2. Ocopia (opiopdg) oyorko Pipiio, cei. 280.
A3.
LA I AN N S B
p) ‘ ‘ A ‘ A ‘ )
O®EMA B
B1. 'Eyovpue amd vnobeon otu:
|z-3i[+[z7+3]=2 ()
Onog [7+3]=[F+3=|z-3] (2
Omnodte anod 11g (1) Kat (2) mpoxdmret OTL:
|z=3i|+|z-3i| =2 2|z-3i| =2 =|z-3i|=1  (3).
Av z=x+yi 1 (3)ypagetar |x+(y-3)i|=1 x*+(y-3)* =1
Enopévag o yeopetpikdg TOTOC TV IKOVOV TMV z gival KOKAOG e KEVTPO TO onueio
K (0, 3) xar axtiva p=1.
B2. Ano to gpotua Bl &yovpe: |z —3i| =1
Onote |23 =1 (2-3i)-(z-3i)=1 (z—3i)-(;+3i):1 Sz+3i= 7
z—3i
B3. X0pgova pe TNV TPonyoLUEVT 1GOTNTA O W YPAPETOL
w=2z-3i+ 13. =z-3i+z4+3i=z+zZ=2Re(z)eR.
z—3i
OLOC 0O TOV YEMUETPIKO TOTO TOV EOVOV TMV Z £XOVHE 0T X¥° < 1 <> -1 <x < 1.
Kot eme1dn x = Re(z) mpoxvmret 611 —1 < Re(z) < 1.
Onodte: -2 <2Re(z) < 2. Apa 2 <w <2,
B4. Eivar |z-w|=|z—z+3i-——=pi—-———|=[3i -7 -3 =|-Z|=||.
z-=3i z-3i

AITANTHYEIX
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OEMAT
I't.  H doopévn oyéon ypdoerta:
(€)' fi(x)+e™ f1(x)— (") =(x- f(x)) <
(- fi(x)—e)=(x-f'(x) e fl(x)-e =x f'(x)+¢, ¢ €R
[ x = 0 mpoxvmret: e’ - f'(0)—e’=0- f'(0)+¢,
Kol AOY® TOV Oed0UEVOV apXIKOV cLVONKOV givan ¢ = —1.

H tehevtaio oxéon £tot ypagetat:

*

)
et flx)—e"=x-f(x) -1 fi(x)e -x)=¢" -1 f'(x)=

e’ —1
x_

<
e

& f/(x)=]In(e" - x)]' & f(x¥)=In(e* —x)+c,.

I'a x = 0 wpokvmtel ¢, = 0.

‘Etor f(x)=In(e" —x).

(*) Av Bécovpe A(x)=e* —x, x e R, eivar: A'(x)=e" -1, x e R.

e* 1-1
H(x)=0e'=1e'=¢" < x=0.

&1
Hx)>0oe' >loe' >’ < x>0.

Hx)<0oe' <loe'<e’ o x<0.

X |-00 0 +00
h’ - 0 +

h \1/

'Etoin h &gt oMo eMdyioto ot 0éon x = 0 v Ty A(0)=e’ —0=1.

Anhadn A(x)>1>0, yuukaBe x € R..

e’ —1

X

2. Eivatr f'(x)= [ln(ex - x)J, = :
—Xx

Aoym ™ mapatnpnong (*) Tov epompatog I'l o1 pileg kot To Tpdon o, cuVERHS O
wivaxkog petaformv g f eEaptdrar poévov amod TG pileg Kot 1o TPOSN O TOV
apBuntov A'(x)=e" —1.

Yvvenag f'(x)=0<x=0.

f'(x)>0x>0.

f'(x)<0&x<0.
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Apan feivat yynoiong ebivovoa oto (—xo, 0], yvnoing avéovoa oto [0, + o)

Kot Topovctdlel oAko eMdyioto ot 6éon x = 0 v Ty £ (0)=In(e’ —0)=In1=0.

I'3. Eivau f''(x)= ( ¢ _1j, _ (ex _1), (ex —x) —(ex —1)(ex —x),

x o)

e —X

e —xe'—(e™-2¢"+1) (2—x)e" -1

B (ex - x)2 (ex - x)2

Ottovpe @ (x)=(2-x)e" -1, x € R.

Etvau
p(x)=—€+2-x)-¢=¢(1-x)
p(x)=0 x=1
p'(x)>0 x<1
P (x)<0& x>1

X
@ + -
@ /e - 1\

IIpoxvmrel 611 ¢ eivar yvnoing avéovoa oto (-, 1], ywmoing @bivovca
010 [1, +o) ka1 £xet ohiko péyoto ¢ (1)=e—1>0.
Bpiokovpe topa o Op1a g ¢ oto —oo, +oo:

lim @ (*) = lim | (2—x)-€"~1]=—0

X—>+0 X+

2ox (2-x) _ _
lim (2-x)-¢" = lim —— = T R
X—>—0 x—>—o € X—y—0 (e ) x>0 —€ Y0 @

Etot lim @(x)=-1.

x>
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AOY® TG GLVEYELNG KO TNG LOVOTOVIOG TNG ¢ €lvatl

o((-=.1])= ( lim (ﬂ(x),(ﬂ(l)J =(-Le-1].

X—>—0

o([1+2)) = (lim o (x), (1) | = (-, e~1].

[Tapatnpovpue ott:

. Oe (p((—OO, 1]) apa vapyet x, € (—o,1] dote @ (x,)=0.

Ev 10 peta&i n ¢ eivatl yvnoing avéovoa, dpa exatépmbev Tov X1 aAlalet
wpoonpo. Aot pe x <x; gtvar p(x) < (x1) < @(x1) <0

Evope 1>x>x; eivan p(x)> o (x1) © ¢o(x)>0.

'Etcticoduvopa (enedy (e¥ —x)° >0 yiukdbe x € R)n £ éxer pia povo
pila oto (—o,1], ekatépmBev g onoiag aArdlel TpOO LLO.

o ‘Opota topa 0 € (p([l, + OO]) apa vrdpyet x, €[l,+ o), dote ¢ (x2) = 0. Ev to
uetalh 1 ¢ eival yynoimg ebivovoa dpa exatépmbev TOL X2 AALALEL TPOOTLLO.
Aotipe 1 <x <x; givar p(x)>p(x2) © p(x)>0
Evo pe x>x; gtvar p(x) <o (x2) < ¢(x)<O0.

‘Etoin f &gt emiong pia povo pila x; oto [1,+ o), exatépwbev ¢ omoiog
arhaCer mpdonpo. Apa teAkd, 1 f €xel akpiPdg dVO onpeio KOUmN G oTIg

Bécelc xi, xa.

4. O¢tovpe g(x)=In(e” —x)—ovvx=f(x)—ovvx, x € R.
. Yropén : H g eivat cuveyn g og d1apopd cuveydv oto R, dpa kot oto {O%} :
Etvor g(0)=f(0)—ovv(0)=—-1<0
(52

Opoc f T o0 [O,+00),dp0csivou%>0:>f(%}>f(0):>f(%}>0.
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‘Etotl g(0)- g(%} <0, omote Aoyw tov O. Bolzano n g &xet pia piCa oto

dtbotnpa (O,EJ :
2
o Movadwomra:
Oa deiovpe 6T N g eivan yvnoiong avéovoa 610 {0%} omote 1 piCa Oa etvat
LLOVOLOIKT].
, T ,
Eocto x,x, €|:0,E:| ue x, <x, tTOtE
f(x)< f(x,) 86t f T ot0 [0,+0)
. /4
GUV X, > GUVX, 10Tl GUVX ¥ GTO {OE}

Apo. —cVVX, <—GULVYX,.

‘Etotopmg f(x,)—ovvy, < f(x,)—ovvx,, dpa g(x)<g(x,).
, , , /4
Apa g yvnoilmng avéovoa 6to {OE} :

Hapatipnon (2°° Tp6moC Y10 T HOVOTOViK):

H povotovia g g oto [0, 7 /2] pmopet va wpokbyet kot o¢ eENG: g (x) =f'(x) + nux.
Oupwg f'(x)> 0, vy ke x € (0, + ) dpa Koty kabe x € (0, 7 /2),
eva emiongnux > 0y kdbe x € (0, 7 /2).

Apa g'(x) > 0y kébe x € (0, 7/2) ko emopéveg g yvnoing avéovoa oto [0, 7/2].

OEMA A
Al.  'Eyovpe ot
1- f(x) — J:C eZt dt

2x

e 0 g(x+1)
Ottovpe: x+i=u < t=u—x. Onote: dr=du.
Axopn yw =0 &yovpe u=x xouyw {=—x &ovue u=0.

Emopévac:
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1- jZ’(x) T L f _ z,c} AN
e’ 3 g(U) d g(tt) © &(u)
— % 2xx e’ _ __x e
ol-f(x)=-e ! o du o 1- f(x)= ! o du

Apa f(x):1+jge(2;) du (1)

Me avdioyo tpdémo TpokHmTEL OTL:

g()=1+] fe(;) du (2)

e Kat e
) (W)

e” du xo ]C.ezu
g(u) o J (W)

oto R, emopévac Kot ot cuvaptnoels f kKot g eivon mapoywyioipes oto R.

Ene1on ot ouvapmoelg elvar ocvveyeig oto [0, x] pe x € R

GLUTEPAIVOLLE OTL O1 GUVOPTCELS I du etvor mapayoyioyleg

2x 2x

L. e o
7= M T

onote f'(x)g(x)=e” o g'(x)f(x)=e*
apa

F(2)g(@)=8 () /() 1 (D)g()-g (1) /=05

S (g()-g () /) o@[@j _

g g(x)
And v 1ehevTaio TpoKVTTEL OTL: J(x) _
g(x)

H&(2)
katrenedn] f(0)=g(0) = 1, Ba eivarc=1.

Apa f(x)=g(x).
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A2.

A3.

A4.

Eneion etvat:

F=2

e

JS(x)

< (Epompua Al)

@) = &2/ () f(0)=2" & (£2) =(e)

2opeova pe yvootd Bedpnua (cvvénewo tov @ M.T.) éyovpe:

fi(x)=e" +c
Ounwg f(0)=1, omote c=0.

Apo fr(x)=e” S[f@] =[] & |f)|=¢

Kotemedn f(x)>0, npoxdmrer 611 f(x)=€".

Etvon

1 4o

I o

x 1 -
lim L) g lnf = lim — =lim {x-e xj:lime— = (De L' Hospital) (¥)

x—0" 1 x—0" — x>0 = x—0" x—0" 1
fl— ex ex —
X X
<1
ex .| — 5
) (xzj .=
lim ———<%=-lime* =—
x—0" 1 x—0"
xZ
1
) 1 , . e . e7r 4w
(*): @étovpue — =y omodte T0 lim = lim —: —.
X x—0" yomey —o0

X

Eivat F'(x) = f(x*)>0. Apan F T o100, 1].

Apa v 0<x <1 Ba givar F(x)<F (1) karenewon F (1) =0, rpokvmretl 611 F(x)<0

Vxe[0,1].
Enopévag V xe[0,1], Ba elvat:

E=- Jl.F(x)dx —— j.x'F(x)dx =—[xF(v)], +j'xF'(x)dx =

0

= —F(1)+J1.fo(t2)j dx = Jl.xf(xz)dx =

1 1
ZIxexzdx :lJ.erxzdx =
0 2 0
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